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The spin-1 Blume–Capel model on a square lattice is studied by using an effective-ﬁeld theory (EFT)
with correlation. We propose an expression for the free energy within the EFT. The phase diagram is
constructed in the temperature (T ) and single-ion anisotropy amplitude (D) plane. The ﬁrst-order tran-
sition line is obtained by Maxwell construction (comparison between free energies). Our results predict
ﬁrst-order transitions at low temperatures and large anisotropy strengths, which correspond in the phase
diagram to the existence of a tricritical point (TCP). We compare our results with mean-ﬁeld approxima-
tion (MFA), that show a qualitative correct behavior for the phase diagram.
Crown Copyright © 2012 Published by Elsevier B.V. All rights reserved.The Blume–Capel (BC) model is one of the most studied spin
models in statistical mechanics due to its wide theoretical interest
and practical applications. This model was introduced by Blume [1]
and independently by Capel [2], and can be applied to describe
many different physical situations such as multicomponent ﬂu-
ids, ternary alloys, 3He–4He mixtures, as well as various magnetic
problems [3]. The Hamiltonian of the BC model can be deﬁned by
H= − J
∑
〈i, j〉
Si S j + D
∑
i
(Si)
2, (1)
where the ﬁrst summation is over all pairs of nearest-neighbors,
J is the exchange interaction, D the single-ion anisotropy parame-
ter, and the operator Si takes the values Si = 0,±1.
The phase transition properties of the BC model (1), for spin
 1 as well as a generalization introduced by Blume, Emery and
Griﬃth (BEG) [4] including biquadratic interactions, have been
studied in detail by using different approaches [5–18]. For the
speciﬁc spin-1 case, the results indicate the existence of a phase
transition from the high-temperature disordered paramagnetic (P)
phase to the low-temperature ordered ferromagnetic (F) phase at
a critical temperature Tc that is dependent on the crystal ﬁeld D
values. In the limit of D → −∞ one recovers the two-state Ising
model with Si = ±1. By increasing D , we have a decrease of Tc(D).
On the other hand, at zero temperature, there is a ﬁrst-order tran-
sition point at δc = Dc/ J = z/2 (z being the coordination number
of the lattice) such that for δ > δc the system exhibits no magnetic
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http://dx.doi.org/10.1016/j.physleta.2012.09.003order. For δ < δc one has a ﬁrst-order transition line where three
different phases coexist. This coexisting line meets the continuous
transition line at a tricritical point (TCP) where the three phases
become equal. The mean-ﬁeld approximation (MFA) [1,2] was the
ﬁrst technique used to obtain an approximate solution to the BC
model, where was observed a TCP located at δt = 2z ln(2)/3 and
kB Tt/ J = z/3.
Theoretically, one of the ﬁrst improved steps in the description
of any model system is usually the application of an effective-
ﬁeld theory (EFT). In particular, the EFT, that was introduced by
Honmura and Kaneyoshi [20] to study the spin-1/2 Ising model,
has been generalized to treat the spin-1 BC and BEG models [5–8,
17]. This conventional EFT includes spin–spin correlations resulting
from the usage of the van der Waerden identities [19], but ne-
glects the correlations between different spins that emerge when
expanding the identities, and provides results that are superior to
those obtained within the traditional MFA [1,2]. The results ob-
tained by EFT are limited only to second-order phase transition
and tricritical points, and a detailed description of ﬁrst-order tran-
sition has not been much explored. A ﬁrst tentative to treat the
ﬁrst-order transitions by using EFT was presented by Fittipaldi and
Kaneyoshi [17] in the spin-1 BC model on a honeycomb lattice
(z = 3), where isotherms in the m–H plane (m and H are the
magnetization and magnetic ﬁeld, respectively) have been found.
Thus, applying the equal areas Maxwell construction, the position
of the ﬁrst-order transition was obtained. These results, however,
are not correct, because the ﬁrst-order transition lines calculated
numerically correspond to the unstable solutions. Another pro-
posal to calculate the ﬁrst-order line is based on the analysis of
the expansion of the magnetization [21] around of m = 0, i.e.,
m = am + bm3 + cm5 + · · · , where these coeﬃcients are functions
rights reserved.
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deﬁned by qo = 〈S2i 〉. The second-order transition point is found
by a = 1 with b < 0, and the tricritical point (TCP) occurs at a = 1
and b = 0, with c < 0. Some authors [21] have incorrectly used
the condition a = 1 with b > 0 to obtain the ﬁrst-order line, but
this condition also corresponds to the unstable solution [22], and is
the same solution obtained by Fittipaldi and Kaneyoshi [17]. The
TCP value found by EFT kB Tt/ J = 1.01 and Dt/ J = 1.880 can be
compared, for example, with results from Monte Carlo simulation
[15] kB Tt/ J = 0.56 and Dt/ J = 1.974 and from ﬁnite-size-scaling
kB Tt/ J = 0.609(4) and Dt/ J = 1.965(5) from Ref. [12].
Recently, Miao et al. [23] have studied the BC model on a hon-
eycomb lattice by using EFT. An expression for the free energy
was calculated numerically by using the third law of thermody-
namics. The phase diagram in the T–D plane was found for all
values of anisotropy parameter, where at low-temperature regime
a ﬁrst-order transition is observed which terminate at Dc/ J = 1.5
(corresponding to the exact value at T = 0). A new EFT has been
introduced [16], where the approximation is determined from the
condition that the expectation value of the central spin is equal
to that of the perimeter spins. The approximation takes into ac-
count the correlations between different spins in the cluster of
considered lattices when expanding the identities. Therefore, it is
expected that the calculation result will be more accurate than
the traditional EFT. For example, the reduced critical tempera-
ture for the spin-1 BC model on a square lattice in the isotropic
limit (D = 0) has the value kB Tc/ J = 2.188 obtained in the tra-
ditional EFT [5–8,17], while this new proposal of EFT [16] found
kB Tc/ J = 1.964 that can be compared with results of Monte Carlo
simulation [15] kB Tc/ J = 1.690. On the other hand, in this new
formalism of EFT the ﬁrst-order transition line was not obtained,
only discussed the instability line, showing a certain limitation of
the method to study the criticality of spin models with presence
of ﬁrst-order phase transition.
A new alternative to treat ﬁrst-order transitions via EFT has
been proposed by Viana and de Sousa [24], where the quan-
tum phase transition of the frustrated Heisenberg antiferromagnet
with competing nearest-neighbor (NN) and next-nearest-neighbor
(NNN) exchange interactions (known as J1– J2 model) was ana-
lyzed. It has been assumed that the equation of state is obtained
by the minimization of a given free energy functional like Ψμ(mμ).
This methodology to study the ﬁrst-order transition lines also has
been applied with success to another models [25]. In this work,
the ﬁrst-order phase transition in the model (1) is investigated us-
ing this new formalism (functional for the free energy).
In order to study the ﬁrst-order behavior in the model (1), we
use the traditional framework of EFT [5–8,17]. The EFT provides a
hierarchy of approximations to obtain thermodynamic properties
of magnetic models. On can continue this series of approximations
to consider larger and larger clusters and as a consequence, bet-
ter results are obtained. The exact solution would be obtained by
considering an inﬁnite cluster. In practice it is necessary to use
systematic approximation schemes to truncate them to some ﬁnite
cluster. However, as shown below by using relatively small clus-
ters which contain the topology of the lattice, one can obtain a
reasonable description of the thermodynamic properties.
The problem can be treated frequently in three steps. Hamilto-
nian (1) is ﬁrst written as an effective Hamiltonian in cluster with
N = 1 spin, H1, which includes all parts of H associated with the
lattice. The second step involves the calculation of the eigenval-
ues of H1. The third step involves the introduction of the differ-
ential operator technique [20] and the van der Waerden identity
[19] for spin-1 (i.e., exp(λSi) = 1+ sinh(λ)Si + (cosh(λ) − 1)(Si)2)
within the framework of EFT. The standard procedure then leads
to the following expectation expressions of averaged magnetization
m = 〈Si〉 and quadrupolar moment q = 〈S2〉 in the lattice [5–8,17]:iqn = Ô(m,q)Fn(x)
∣∣
x=0
= [q cosh(K Dx) +m sinh(K Dx) + 1− q]z Fn(x)∣∣x=0, (2)
where qn ≡ 〈Sni 〉 (n = 1,2) [magnetization m ≡ q1 and quadrupolar
moment q ≡ q2], Dx = ddx is the differential operator, z the coor-
dination number, F1(x) = 2sinh(x)/W (x), F2(x) = 2cosh(x)/W (x)
and W (x) = exp(βD) + 2cosh(x).
In particular, by developing Eq. (2) for a square lattice (z = 4)
we obtain
m = A1(q)m + A3(q)m3, (3)
and
q = B0(q) + B2(q)m2 + B4(q)m4, (4)
where An(q) = 1n! d
n
dmn [Ô(m,q)F1(x)|x=0]m=0 and Bn(q) = 1n! d
n
dmn ×
[Ô(m,q)F2(x)|x=0]m=0. Solving Eq. (3) we found m =
√
1−A1(q)
A3(q)
that substituting in Eq. (4) we obtain an expression for the
quadrupolar moment as a function only of the parameter q, i.e.,
q = Ω(q).
We note that it is not possible to calculate the ﬁrst-order tran-
sition line on the basis of equations of state (3) and (4) alone.
To solve this problem one needs to calculate the free energy for
each phase (ferromagnetic (F) and paramagnetic (P) that are char-
acterized by m = 0 and m = 0, respectively). Assuming the ansatz
where only the equation of state (3) (order parameter) is obtained
by the minimization of a given free energy functional like Ψ (m),
i.e., dΨ (m)dm = 0, we obtain after integration with relation to the or-
der parameter m the following expression:
Ψ (m) = λ1(T , D) + λ2(T , D)
{[
A1(q) − 1
]m2
2
+ A3(q)m
4
4
}
, (5)
where λr=1,2(T , D) are functions irrelevant in the study of the
phase transition.
To analyze Eq. (5) phase diagram in the T–D plane for all values
of the anisotropy parameter (D) and temperature (T ), in special
the ﬁrst-order transition line, we use the Maxwell construction,
that corresponds to the intersection point where the free energy
between the phases are equal. In the case of the transitions be-
tween the F ordered and P (m = 0) disordered phases we obtain
the point of intersection ΨF (m) = ΨP (m = 0) from Eq. (5), that is
given by
2
[
A1(q) − 1
]+ A3(q)m2 = 0. (6)
By simultaneously solving three transcendental expressions,
Eqs. (3), (4) and (5), for a given value of D , we obtain the ﬁrst-
order transition line T ∗c (D) when m = 0, where the m = 0 value
corresponds to the discontinuity of the order parameter at T =
T ∗c (D), while the second-order transition line when m = 0. The TCP
and the critical line have been previously discussed in the litera-
ture [5–8,17], while in this work we present, for the ﬁrst time, the
ﬁrst-order transition line obtained by using a functional equation
ansatz for the free energy.
By analyzing the results provided by Eqs. (3) and (4) we ob-
serve two types of behavior for the average magnetization. First,
at low anisotropy (δ ≡ D/ J < dt 	 1.88), the order parameter de-
creases with increase of the temperature and is null at T = Tc(D)
(critical temperature), characterizing the second-order phase tran-
sition. Second, at high anisotropy (δt 	 1.88 < δ < 2.0), the order
parameter decreases to zero discontinuously as the reduced tem-
perature increases, therefore the ﬁrst-order phase transition oc-
curs. The variation of m(T ) as a function of reduced temperature
kB T / J is shown in Fig. 1 for ﬁxed reduced anisotropy parame-
ter δ = 1.0 (low anisotropy) and 1.95 (high anisotropy) in order
to illustrate the second and ﬁrst-order transitions, respectively.
2924 E. Costabile et al. / Physics Letters A 376 (2012) 2922–2925Fig. 1. Thermal behavior of the magnetization m as a function of the reduced tem-
perature kB T / J of the Blume–Capel model of spin-1 by using EFT in cluster with
N = 1 spin on a square lattice. For ﬁxed reduced anisotropy parameter D/ J = 1.95,
the dashed line corresponds to the unstable solution.
Fig. 2. Phase diagram in the kB T / J–D/ J plane of the spin-1 Blume–Capel model on
a square lattice (z = 4) by using MFA (a) and EFT (b). The solid and dashed lines
correspond to the second-order and ﬁrst-order transitions, respectively. The bold
circles on each curve denote the tricritical points (TCP). The inset, as in ﬁgure, but
with enlarged scale in order to emphasize the ﬁrst-order transition lines obtained
by EFT (present work) and MFA [1].
In this ﬁgure, it has been observed that for low anisotropy (i.e.,
δ < 1.88) the order parameter decreases to zero continuously as
the reduced temperature approaches to the critical point, the tem-
perature (D ﬁxed) where m = 0 is the second-order phase tran-
sition temperature, kB T / J = kB Tc/ J 	 1.835. On the other hand,
at high anisotropy (i.e., δ > 1.88) the reduced temperature value,
at which the order parameter goes to zero discontinuously, is at
kB T / J = kB T ∗c / J 	 0.669, so indicating the ﬁrst-order phase tran-
sition. For a δ value greater than the upper limit of this anisotropy
(i.e., δ > δc = 2.0), the system exhibits no phase transition (the or-
der parameter is null for all ﬁnite temperatures (T > 0)).
Fig. 2 shows the phase diagram in the kB T / J–D/ J plane for the
spin-1 BC model on a square lattice (z = 4) comparing our results
(EFT) with those from MFA [1]. In Fig. 2, we can see that the phase
diagram comprises a paramagnetic (P) phase (m = 0) at high value
of the anisotropy amplitude D and a ferromagnetic (F) phase (m =0) at low value of the anisotropy amplitude D for a ﬁxed value
of reduced temperature. The complete equilibrium phase diagram
is found by using the Maxwell construction, i.e., simultaneously
solving three transcendental expressions, Eqs. (3), (4) and (6). The
solid lines show the variation of the reduced critical temperature
kB Tc/ J as a function of reduced crystal ﬁeld D/ J , that decreases
with increase of the value of D < Dt (Dt is the TCP anisotropy pa-
rameter). For D > Dt we have ﬁrst-order phase transitions (dashed
lines), where the transition temperature is null (ground state) in
the exact value Dc/ J = 2. The solid line obtained here by using
EFT is the same as in Refs. [5] and [8], but the ﬁrst-order tran-
sition line was not discussed and here we present it for the ﬁrst
time. In Ref. [17], the ﬁrst-order line corresponds to the unstable
solution [22] that is equivalent to the results found by using the
conditions a = 1 and b > 0 in Ref. [21]. Finally, we mentioned that
the EFT proposed in Ref. [5] describes only the critical line and TCP
in the phase diagram, obtain not ﬁrst-order transition line.
In summary, we have developed an EFT and proposed a func-
tional (ansatz) for the free energy [24,25] to study the ﬁrst-order
transition of the spin-1 Blume–Capel model on a square lattice.
Our results are qualitatively correct when compared with MFA [1]
and other methods, for example, Monte Carlo simulation [10,15],
renormalization group method [18], but differ from the results ob-
tained in Ref. [16], in particular, the ground state was not well
described (i.e., the value Dc/ J = 2.0 was not found). We believe
that the present formalism to obtain ﬁrst-order line can also be ap-
plied to more complicated model systems, such as the BEG model,
BC model with spin-3/2, the biaxial Ising model, etc. This should
be done in a future work.
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